We prove regularity criteria for harmonic heat flow and a liquid crystals model.
Introduction
In this paper we improve regularity criterion for the equations of harmonic heat flow and a liquid crystal model. First, we consider the regularity problem to the harmonic heat flow from R n into the unit sphere S m :
u t − ∆u = u|∇u| 2 , (1.1) u(x, 0) = u 0 (x), |u 0 | = 1, x ∈ R n .
2)
The regularity of the weak solutions breaks down in general because of the existence of blow-up solutions for large initial data. Such examples for the map from B 1 (0) ⊂ R n to a sphere were shown by Coron and Ghidaglia [2] for n ≥ 3 and Chang, Ding and Ye [1] for n = 2. However, some smallness assumption on the initial data or integrability condition on the solution itself are sufficient to guarantee the regularity. Kozono, Ogawa and Taniuchi [11] showed the regularity criterion:
. When 2 ≤ n ≤ 4, it is further refined as [7] :
We show that even negative index is admissible. In fact, we prove:
. Let ∇u 0 ∈ H s−1 and let u be a smooth solution to the harmonic heat flow (1.1), (1.2) . Assume that the following condition is satisfied:
for some α with 0 < α < 1.
Then there is no singularity up to T .
Remark 1.1. The regularity criterion (1.3) can also be proved for the LandauLifshitz system and Maxwell-Landau-Lifshitz system (when n = 3). Actually the proof is similar and therefore we omit the details here. and n = 2, 3 [8] .
Next, we consider the following liquid crystal model [3, 4, 5, 13] :
Here v is the velocity, π is the pressure, d is the direction vector, and (∇d
We will prove the following theorem:
with 0 < α, β < 1 and 0 < T < ∞. Then there is no singularity up to T . Remark 1.3. By a similar method, Kozono-Shimada [12] proved (1.9) when d is a constant vector for the Navier-Stokes system.
Proof of Theorem 1.1
This section is devoted to the proof of Theorem 1.1. In the proofs below, we will use the following interpolation inequalities [9, 14, 15] :
where
, and p = 2(s−1+2α) α . Here we derive (2.1) and (2.2) by the following interpolation inequalities
, taking
, taking s 2 = s + α, p 2 = q 2 = 2 and thus u Ḣs+α ≈ u Ḟ s 2 p 2 ,q 2 , taking θ = , and using (2.4) and (2.5), we have (2.2).
First, testing (1.1) by u t and using u · u t = 0, we see that
In the following proofs, we will use the following bilinear product estimates due to Kato-Ponce [10] :
with s > 0 and
s to (1.1), testing by Λ s u and using (2.1) and (2.2), we obtain
By the result in [11] , this proves that there in no singularity up to T . This completes the proof.
Proof of Theorem 1.2
In this section, we will prove Theorem 1.2. Since it is easy to prove that there are T 0 > 0 and a unique strong solution (v, π, d) to the problem (1.4)-(1.7) in [0, T 0 ], we only need to prove a priori estimates.
Testing (1.4) by v and using (1.6), we see that
Testing (1.5) by −∆d, using d∆d = −|∇d| 2 and |d| = 1, we find that
Summing up (3.1) and (3.2), we infer that
In the following proofs, we will use the following inequalities [12] :
Taking Λ s to (1.4), testing by Λ s v, and using (1.6), (3.4) and (3.5), we deduce that 1 2
Applying Λ s+1 to (1.5), testing by Λ s+1 d, and using (3.6), (2.1) and (2.2), we reach 1 2 This completes the proof.
